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Effect of Oscillating Landau Bandwidth on the Integer Quantum Hall Effect in a 

Unidirectional Lateral Superlattice 
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We have measured activation gaps for odd-integer quantum Hall states in a unidirectional 
lateral superlattice (ULSL) — a two-dimensional electron gas (2DEG) subjected to a unidi- 
rectional periodic modulation of the electrostatic potential. By comparing the activation gaps 
with those simultaneously measured in the adjacent section of the same 2DEG sample with- 
out modulation, we find that the gaps are reduced in the ULSL by an amount corresponding 
to the width acquired by the Landau levels through the introduction of the modulation. The 
decrement of the activation gap varies with the magnetic field following the variation of the 
Landau bandwidth due to the commensurability effect. Notably, the decrement vanishes at the 
flat band conditions. 
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1. Introduction 

A crystal that hosts a two-dimensional electron gas 
(2DEG) inevitably contains a certain degree of disorder. 
It is worth noting that the disorder is an indispensable in- 
gredient for the occurrence of the integer quantum Hall 
effect (IQHE). 1-3 Disorder introduces random fluctua- 
tions, both in magnitude and spatial distribution, in the 
electrostatic potential experienced by the electrons in the 
2DEG. Owing to the random potential, Landau levels ac- 
quire width, and the tails of the Landau peaks fill the gap 
between adjacent levels with low-density spatially local- 
ized states. The resultant density of states (DOS) are 
schematically depicted in Fig. 1 (a). At an integer fill- 
ing of the Landau levels, the Fermi energy Ep lies at the 
localized states, resulting in the quantum Hall state char- 
acterized by a vanishing longitudinal conductivity <r xx in 
the low-temperature limit, as well as by a plateau in the 
transverse conductivity <r xy . 

At elevated temperatures, a xx revives with the elec- 
trons thermally activated across the energy gap to spa- 
tially extended states lying above the mobility edge, 
giving rise to the temperature dependence a xx cx 
exp (— A/2/cbT). 1,4,5 Here again, the random potential 
plays an important role: the activation energy A/2 is re- 
duced from E g / 2, with E g representing the intrinsic gap 
(the energy difference between adjacent levels, see Fig. 
1), by an amount basically corresponding to the width T 
acquired by the Landau level. Consequently, IQH states 
are made less robust by the random potential. It is inter- 
esting to point out that the random potential plays two 
seemingly conflicting roles of giving birth to and disturb- 
ing the IQHE. 

The strength and the spatial distribution of the ran- 
dom potential thus have a strong impact on the IQHE 
and other phenomena that take place in a 2DEG. Unfor- 
tunately, however, the detail of the profile of the random 
potential is generally not well known in a GaAs/AlGaAs 
2DEG. This is mainly because of the lack of experimental 



methods to probe the potential landscape in general in a 
2DEG buried at the depth typically ~100 nm below the 
surface. A notable exception in this respect arises when 
the potential profile possesses a unidirectional periodic- 
ity; for a unidirectional periodic potential modulation, 
one can map out the potential profile by analyzing the 
commensurability oscillation (CO) — the magnetoresis- 
tance oscillation originating from the commensurability 
between the modulation period and the cyclotron radius 
i? c . 6 ~ 8 The magnitude and the period of the modulation 
are revealed, with the aid of the first-order perturbation 
theory, 9 from the amplitude and the period in 1/B of 
the CO, respectively. The present authors have shown 10 
that quantitatively reliable values of the modulation am- 
plitude can be obtained by slightly modifying the the- 
ory to account for the scattering of the electrons out of 
the cyclotron orbit, which alters the damping of the CO 
with decreasing magnetic field. 10, 11 Furthermore, by em- 
ploying detailed Fourier analyses, the potential profile is 
shown to be accurately reconstructed up to the fourth 
harmonics; 10, 12-14 the analysis of the CO plays analo- 
gous roles to the diffraction techniques used to determine 
the crystal structure. 

In the present paper, we measure activation energies 
A/2 of IQH states in a unidirectional lateral superlattice 
(ULSL) — a 2DEG subjected to a unidirectional peri- 
odic modulation. Here the potential modulation serves 
as an "artificial disorder" , or an extra source of Landau- 
level broadening, whose properties are well characterized 
through the analysis of CO. By comparing the activation 
energies with those measured in the unpatterned region 
of the same 2DEG wafer, we can examine the effect of 
the introduced modulation on the IQH states. We find 
that the activation energy is reduced in the ULSL by 
Wn(B), the increment of the Landau-level half width 
caused by the introduction of the modulation. As will be 
shown below, Wn(B) depends on the magnetic field B 
owing to the commensurability effect. The decrement of 
A/2 is observed to follow the magnetic-field dependence 
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Fig. 1. (Color online) Sketch of the density of states (DOS) com- 
prised of discrete disorder-broadened Landau levels for (a) a plain 
2DEG with the Landau peaks given by a Lorentzian, eq. (10), 
and (b) a ULSL with the Landau peaks given by eq. (13). Dark 
(gray) and bright (light blue) shaded regions represent local- 
ized and extended states, respectively. Relevant energies are also 
noted in the figure; Ep: the Fermi energy (for an integer filling of 
the Landau levels), E s : intrinsic gap between the levels, T: dis- 
order broadening, |Wjv[: width introduced by the modulation, 
A/2: activation energy. 

expected for Wn{B). 

The effect of a unidirectional periodic modulation on 
IQH states has been studied by several authors. 15-23 
However, they are mainly interested in the strong modu- 
lation having the amplitude comparable to the cyclotron 
energy Hu) c and/or the Fermi energy E-p. In such cases, 
perturbative treatment of modulation potential, which 
forms the basis of the quantitative analysis of CO, is not 
applicable and therefore the quantitative detail of the 
potential profile is difficult to obtain. In the present pa- 
per, the amplitude of the modulation amplitude is kept 
less than 5 percent of the E-p, allowing the perturbation 
theory to describe the system accurately. 

2. Experimental Details 

The ULSL sample used in the present study was fabri- 
cated from a GaAs/Alo.3Gao.7As single-heterostructure 
2DEG wafer with the heterointerface located at the 
depth 90 nm from the surface. The electron density n e 
and the mobility fj, of the wafer were 2.1 xlO 15 m -2 and 
77 m 2 /(Vs) in the dark and increased up to 2.9xl0 15 
m~ 2 and 106 m 2 /(Vs) after illumination by an infrared 
light emitting diode. The unidirectional potential mod- 
ulation with a period a = 184 nm was introduced by 
placing a grating of high-resolution negative electron- 
beam resist on the surface, 10 which generates the poten- 
tial modulation in the 2DEG plane via the strain-induced 
piezoelectric effect. 24 A Hall-bar pattern (width 37 iim) 
with two sets of voltage probes, as depicted in the in- 
set of Fig. 2(a), was employed, which enables simultane- 
ous measurement of the section with (ULSL) and with- 
out (plain 2DEG) the modulation. We assume that the 
activation energy measured in the plain 2DEG section 
also represents the hypothetical activation energy in the 
ULSL section in the absence of the modulation, and take 
the difference of A /2 between the two sections as the ef- 



fect resulting exclusively from the modulation. This is 
not obvious due to the inevitable macroscopic inhomo- 
geneity over the 2DEG wafers, although the two regions 
are only roughly one hundred Lira apart. Furthermore, 
the microscopic spatial distributions of the random po- 
tential in the two sections are certainly not exactly the 
same. We have verified by the measurement of the Hall 
and the Shubnikov-de Haas (SdH) effect at low magnetic 
fields that the parameters that reflect the spatially aver- 
aged properties of the random potential, n e , fx, and the 
quantum mobility (j,q, are virtually the same within the 
experimental uncertainty for the two sections, 14 and fur- 
ther assumed here that the activation energy is similarly 
unaffected by the microscopic difference in the random 
potential. 

The measurement was carried out in a dilution refrig- 
erator for temperatures ranging from the base temper- 
ature (~15 mK) up to ^500 mK. In this temperature 
range, the resistivity at even-integer QH states (filling 
factors v = n e h/(eB) = 4,6,8,10,12 in Figs. 2 and 3) 
remains virtually zero for both the ULSL and the plain 
2DEG, preventing us from determining the activation en- 
ergies. Therefore we focus in the present paper on the 
odd-integer QH states (u — 5, 7, 9, 11, 13), where the in- 
trinsic gap Eg corresponds to the Zeeman gap g* libB 
with g* the exchange-enhanced ^-factor. 25 A standard 
low-frequency (13 Hz) ac lock-in technique was employed 
for the resistivity measurement with a low excitation cur- 
rent /ac = 0.5 nA to avoid the current heating. 

As mentioned in §1, the amplitudes of the introduced 
modulation can be revealed by the analysis of the CO. 
We found, by following the procedure detailed in ref. 13, 
the Fourier components, Vi= 0.31 meV, V2— 0.10 meV, 
t>3= 0.07 meV, and vn= 0.05 meV, for the profile of the 
modulation, 

V(x) — v n cos(qnx + tp n ), (1) 

n>l 

with q = 27r/a. In what follows, we neglect the higher 
harmonics and approximate V(x) by a sinusoidal modu- 
lation, 

V(x) = V cos(qx) (2) 

with Vq = v\ = 0.31 meV, noting that higher harmonics 
are rather small compared with the fundamental compo- 
nent. We will show below that the modulation given by 
eq. (2) explains the behavior of the activation energy in 
the ULSL quite well. 

3. Landau Bands in a Unidirectional Lateral Su- 
perlattice 

In this section, we review the effect that a sinusoidal 
modulation given by eq. (2) exerts on the Landau lev- 
els. 7 ~ 9, 14, 26-29 In an ideal 2DEG without disorder and in 
the absence of the modulation, the density of states (per 
unit area) under perpendicular magnetic field, 
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are composed of a set of delta-function Landau levels 
located at 



E Na 



N+^)fuv c + ag*n B B, (4) 



where uj c = eB/m* denotes the cyclotron angular fre- 
quency with the effective mass m* = 0.067m e in GaAs, 
and a — ±1/2 represents the spin and the Bohr mag- 
neton. The effective (/-factor g* is enhanced from the bare 
value (| g | =0.44 in GaAs) owing to the exchange inter- 
action when the populations of up- and down-spin elec- 
trons differ, 25 namely at the magnetic fields at which the 
Fermi energy is located between spin-split Landau lev- 
els; g* is maximally enhanced at odd-integer fillings in 
a GaAs/A lGaAs 2 DEG. The l/(27r^ 2 )-fold degeneracy 
with £ = yJh/{eB) the magnetic length, of a Landau level 
reflects the translational symmetry of the system, owing 
to which the energy level does not depend on the position 
of the electrons. The introduction of the modulation al- 
ters the situation by letting the dependence of the energy 
level on the location of the guiding center x = —k y £ 2 of 



L y , where 



the electron wave function 4>n(x — Xo)e vV / \ 
4>n(x) denotes the harmonic-oscillator wave function and 
L x (to appear below) and L y are the length of the 2DEG 
in the x and y directions, respectively. The degeneracy 
is thus lifted, and the density of states are now modified 
to 



1 oo T, [ 

x y N=0 a J 



(so))- 



(5) 

The energy levels, within the first-order perturbation 
theory appropriate for small Vo/Ep, are given by 

E Na (x ) = E° Nr7 + W N (B) cos(qx ), (6) 



where 

W N {B) = V e- u ' 2 L N {u), (7) 

u = q 2 £ 2 /2 = Trh/(a 2 eB), and L N {u) is the La- 
guerre polynomial. The last term in eq. (6) represents 
the change in the energy levels from those in the ab- 
sence of the modulation, which varies from — |Wjv(-B)| to 
+|Wjv(-B)| depending on the position of the guiding cen- 
ter x (note that Wn (B) can be negative); a Landau level 
acquires a width 2|Wjv(-B)| to form a "Landau band" 
through the introduction of the modulation. For trans- 
port properties, DOS at the Fermi energy plays crucial 
roles. We let the symbol Np(— [v/2]) denote the index 
of the Landau level at which the Fermi energy is located. 
The width Wn f (B) oscillates with the magnetic field due 
to the commensurability effect. The oscillation is the ori- 
gin of the CO in the low magnetic field regime. 7 ~ 9, 26-28 
The commensurability effect can be made more appar- 
ent by looking at the asymptotic expression for Wn f (B) 
valid at Np » 1, namely at low magnetic fields, 



W(B) = V 



irqR c 



■ cos 



(8) 



where R c = hkp/(eB) is the cyclotron radius with 
kp = \J2itn e the Fermi wave number. Notably, the width 



W(B) vanishes at the flat band conditions, 
2R C 1 



= 71 - 7 

a 4 



(n = 1,2,3,...). 



(9) 



It turns out that W(B) remains to be a good approxi- 
mation of Wn f (B) throughout the magnetic field range 
examined in the present paper (see Fig. 5). Therefore, 
Wjv f (B) is also close to zero at the flat band conditions 
cq. (9). 

In a real 2DEG sample, a Landau level inevitably pos- 
sesses a finite width deriving from disorder. The disor- 
der broadening of the Landau level can be conveniently 
modeled by replacing the delta function in eq. (3) by a 
Lorcntzian 29-37 



1 



(10) 



7T e 2 + r 2 ' 

having a width T independent of the magnetic 
field. 29, 32, 33,36,37 Here the Lorentzian lineshape is cho- 
sen simply because it allows us to assess the effect of 
the modulation with analytic formulas to be shown be- 
low [eqs. (12)-(14)]. The detail of the lineshape does not 
affect the main conclusion of the present paper. The re- 
sultant DOS for a plain 2DEG, 



D(E) 



OO 



2t:£ 2 



(11) 



N = cr 



is plotted in Fig. 1 (a). Similarly, in the presence of 
the modulation, DOS can be acquired by substituting 
the Lorentzian for the delta function in eq. (5). Noting 
that the function to be integrated in cq. (5) is the pe- 
riodic function of xq with the period a, we can replace 
the integration (l/L x ) J dk y = (l/£ 2 )(l/L x ) J^* dx by 
(l/^ 2 )(l/a) J a dx to obtain 14 



D W (E;W N ) 



J2J2 Pw ( E - E ^;W N ) 7 (12) 



2tt^ 2 



N=0 <r 



where 



P W (E; W N ) = - f P(E - W N cosi?)di? 
n Jo 



L.[P( E - W N )P(E + Wn)] 1 / 4 sin (**±± 



(13) 



with 



arccos 



E±W N 



y/(E ± wv) 2 + r 2 



(14) 



The peak function Pw{E;Wn) is simply the superposi- 
tion of the Lorentzian P(E) located within the interval 
[E — Wn , E + Wn] , with heavier weight assigned toward 
the Landau-band edges, d = qxo = and n. Therefore 
the peaks gain width \ Wn\ in addition to the original dis- 
order broadening T, and accordingly the peak width in- 
creases with | Wjv|- At large enough |Wjv| (|Wjv| > v^r, 
see Appendix), P W (E; Wn) splits into two peaks, signal- 
ing the nascent manifestation of the van Hove singularity 
at the band edges. On the other hand, in the limit Wn — » 
(the flat band conditions), Pw(E;Wn) — * P(E), and 
therefore Dw (E; Wn) becomes identical to the DOS 
without modulation, D(E). The DOS D W (E;W N ) for 
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Fig. 2. (Color online) Magneto-resistivity traces for (a) ULSL 
and (b) adjacent plain 2DEG, for temperatures T (mK) = 15 
(bottom, blue), 25, 35, 50, 70, 90, 120, 170, 220, 275, 325, 375, 
435, and 480 (top, red), measured in dark, ra e =2.1xl0 15 m -2 . 
Approximated Landau bandwidth \W\ calculated by eq. (8) is 
also plotted in (a) (right axis). The inset depicts the schematic 
of the sample. 



a typical value of \Wn\ (> V2r) is plotted in Fig. 1 (b). 
The activation gap A/2 is expected to be reduced by 
\Wn\ in the ULSL from the value in the plain 2DEG (ir- 
respective of whether or not P\y(E; Wn ) is split), and 
the decrement vanishes at the flat band conditions. 

4. Experimental Results 

In Figs. 2 and 3, we plot magneto-resistivity traces 
taken in dark (n e =2.1xl0 15 m~ 2 ) and after illumination 
(ro e =2.9x 10 15 m -2 ), respectively, at different tempera- 
tures as noted in the figure captions. In both figures, the 
top (a) and the bottom (b) panels represent the ULSL 
and the adjacent plain 2DEG, respectively. In the top 
panels, we also plot the (approximate) Landau band- 
width \W\ calculated using eq. (8) as an eye-guide. It can 
readily be perceived that the heights of the SdH peaks (or 
inter-quantum-Hall transition peaks) for the ULSL fol- 
low the trend of the Landau bandwidth; the peak heights 
are almost the same as those for the plain 2DEG at the 
flat band conditions (, where the effect of the modulation 
virtually vanishes), while the peaks grow much higher at 
the magnetic field where the bandwidth is larger. The 
latter is attributable to the diffusion (or band) contribu- 
tion of the modulation potential to the SdH effect, 9 as 
described in our previous publication. 14 



Fig. 3. (Color online) Magneto-resistivity traces for (a) ULSL 
and (b) adjacent plain 2DEG, for temperatures T (mK) = 15 
(bottom, blue), 50, 70, 90, 120, 170, 220, 270, 320, 380, 420, and 
490 (top, red), measured after illumination, n e =2.9xl0 15 m — 2 . 
Approximated Landau bandwidth \W\ calculated by eq. (8) is 
also plotted in (a) (right axis). 




Fig. 4. (Color online) Arrhenius plots of resistivity minima (nor- 
malized by Poo) at odd-integer quantum Hall states with the 
filling factors noted in the figure (Numbers in a square denote 
the filling factors for the ULSL). Solid and open symbols repre- 
sent p m i n /poo for the ULSL and the adjacent plain 2DEG, with 
fits to eq. (15) depicted by solid and dotted lines, respectively. 
Only higher temperature ranges where activated transport is ob- 
served are taken into consideration and plotted in the figures, (a) 
Dark, n e =2.1xl0 15 m" 2 . (b) After illumination, ra e =2.9xl0 15 

m 2 
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In the present paper, we focus on the odd-integer QH 
states. It is clear from Figs. 2 and 3 that the odd-integer 
QH states are made less robust by the introduction of the 
modulation; the resistivity gains a finite value at a lower 
temperature and increases rapidly with temperature. To 
be more quantitative, we examine the activation ener- 
gies. The activation energy A/2 is obtained by fitting the 
temperature dependence of the resistivity minima p mm 
to 

Pmin(T) = poc exp (~2^) ■ ( 15 ) 

We present in Fig. 4 the Arrhenius plot of p m [ n (nor- 
malized by the extrapolated value poo in the high tem- 
perature limit) for odd-integer QH states that exhibit 
discernible temperature dependence in the temperature 
range investigated in the present study, for n e — 2.1 x 
10 15 mT 2 (a) and n e = 2.9 x 10 15 m~ 2 obtained after 
illumination (b). In the figure, we also plot the fit to eq. 
(15). Solid symbols and solid lines (open symbols and 
dotted lines) are for the ULSL (the plain 2DEG). It is 
apparent that the slope of the fitted line, which repre- 
sents the activation energy, is less steep in the ULSL 
compared with that for the same filling factor v in the 
plain 2DEG — with a notable exception seen for v = 9 
in (b), where the slopes do not differ appreciably with 
and without the modulation. 

The activation energy thus obtained is plotted in Fig. 
5 against the magnetic field at which the QH state takes 
place. Again (a) and (b) are for n e = 2.1 x 10 15 m~ 2 
and n e = 2.9 x 10 15 m~ 2 , respectively, and solid and 
open squares represent the ULSL and the plain 2DEG, 
respectively. Owing to the exchange enhancement, the 
activation energies A/2 are larger than (the half of) the 
bare Zeeman energy \gp^B /2\, even in the presence of 
the modulation. The width of the Landau band |Wjy F |, 
eq. (7), is also plotted, along with its asymptotic ex- 
pression \W\, eq. (8). The effect of the modulation on 
the activation energy is extracted by subtracting A/2 
of the ULSL from that of the plain 2DEG. The decre- 
ment in the activation energy due to the modulation 
A p iai„2DEG/2 - A UL sl/2, plotted by solid diamonds in 
the figures, is seen to coincide well with the Landau band 
width; the activation energy is reduced by an amount 
equal to the increment of the Landau band width brought 
about by the introduction of the modulation. This is ex- 
actly what we expected in the previous section, §3. The 
filling factor v = 9 in (b) happens to fall in the vicinity 
of a flat band condition \Wn\ ~ 0, and therefore the ac- 
tivation energy there does not change noticeably by the 
introduction of the modulation. 

5. Discussion 

In §3, we evaluated the broadening of the Landau lev- 
els due to the periodic modulation, and the resulting re- 
duction of the gap, by taking the spatial average of the 
energy levels (see eqs. (12) and (13), and the discussion 
just above them). As illustrated in Fig. 6 (b), however, 
the local gap is not altered by the modulation, since the 
levels both just above and below the Fermi level, pos- 
sessing the same Landau index N for odd-integer QH 
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Fig. 5. (Color online) Activation energy A/2 plotted against the 
magnetic field, for odd-integer quantum Hall states with the fill- 
ing factors noted in the figure. Solid and open squares represent 
the ULSL and the adjacent plain 2DEG, respectively. The error 
bars indicate the standard error in the fitting to eq. (15), and 
are smaller than the size of the symbols where the bars are not 
visible. The solid diamonds denote the differences in A/2 with 
and without the modulation, A p i a j n 2DEG/2 — Atjlsl/2. Landau 
bandwidth |Wjv f | calculated by eq. (7) and that approximated 
by eq. (8), \W\, are plotted by thick dashed and solid lines, re- 
spectively. The (half) Zeeman energy \gfisB/2\ with the bare 
g-factor (g=— 0.44) is also plotted (thin dotted line), (a) Dark, 
n e =2.1xl0 15 m -2 . (b) After illumination, n e =2.9xl0 15 m~ 2 . 



states, vary synchronously with xo in accordance with 
eq. (6), with the same amplitude Wn- The averaging is 
justified when the spatial extent of the wave functions 
~ i? c = v2iV + It is larger or at least comparable to 
the modulation period a. In Fig. 6, we compare the wave 
functions (d)-(g) with the potential modulation (a), de- 
picted with the same horizontal scale. The wave functions 
are calculated at the magnetic fields corresponding to 
n e =2.9xl0 15 m~ 2 ; they slightly expand for n e =2.1x 10 15 
m~ 2 . It can be seen that the spatial extents of the wave 
functions are actually about the same order of magnitude 
as the modulation period. This is also obvious from the 
occurrence of the commensurability effect, which requires 
R c ~ a. If the QH state to be considered takes place at a 
much higher magnetic field and R c is much smaller than 
a (as is the case when n e is much larger), the gap felt 
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Fig. 6. (Color online) (a) Profile of the potential modulation eq. 
(2). (b)(c) Schematic drawing of the xq dependent energy levels 
for an odd-integer QH state. The energy levels En^(xq) given 
by eq. (6) for both up and down spins are plotted by solid (blue) 
lines, sandwiched by lightly shaded (light blue) bands represent- 
ing the extended states within the disorder broadened Landau 
levels, for finite Wn (b) and for a flat band condition Wn = 
(c). (d)-(g) Wave functions for u = 5, 7, 9, 11, in the Landau 
gauge at the magnetic fields corresponding to n e = 2.9xl0 15 
m -2 . The wave functions are depicted with the same horizontal 
scale as the modulation profile in (a). 



by the electrons will be closer to the local gap and there- 
fore the effect of the modulation will be less prominent; 
the QH states are less sensitive to the modulation that 
varies much slower than the spatial extent of the wave 
functions. In fact, we have observed the ^=4/3 fractional 
QH state taking place at ^9 T to withstand the modu- 
lation having Wn larger than the activation energy A/ 2 
that the state had in the plain 2DEG. 38 Similar decrease 
in the sensitivity with the increase of the magnetic field 
was discussed for the random potential fluctuations in- 
duced by the disorder. 39 

In the present paper, we limited ourselves to the unidi- 
rectional LSL with the direction of the modulation par- 
allel to the direction of the current (the x direction). 
The direction was chosen from the necessity of using CO 
to deduce the modulation amplitude quantitatively. We 
expect that the effect of the oscillating Landau band- 
width discussed in the present paper does not depend on 
the direction of the modulation in the low magnetic-field 
regime where the bandwidth can be viewed as the spatial 
average. At higher magnetic fields, however, the spatial 
averaging is not appropriate, as discussed in the previ- 
ous paragraph, and the spatial variation of the energy 
levels should be taken into consideration. In such mag- 
netic field regime, the direction of the modulation bears 
more importance, which will be the subject of our future 



study. 

6. Conclusions 

We have examined the effect that a unidirectional pe- 
riodic potential modulation exerts on the activation en- 
ergy of the integer quantum Hall state. Unlike native 
disorders unavoidably present in the 2DEGs, the artifi- 
cially introduced periodic modulation allows us to probe 
its strength and spatial extent through the analysis of 
the commcnsurability oscillation. Owing to the modula- 
tion, the Landau levels gain additional width, resulting 
in the decrease in the activation energies. The measured 
decrement in the activation energy due to the modula- 
tion is found to be in quantitative agreement with the 
increment in the Landau bandwidth calculated using the 
known profile of the modulation. The decrement in the 
activation energy (increment in the Landau-level width) 
varies with the magnetic field owing to the commensura- 
bility effect, and vanishes at the flat band conditions. 
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Appendix: Lineshape of the Landau Peak Func- 
tion P W (E; W N ) 

In this appendix, we examine in more detail the line- 
shape of the Landau band, given by P\y(E; Wn) in eq. 
(13), in the presence of a unidirectional periodic poten- 
tial modulation. For this purpose, we take the derivative 
of Pw(E; Wn) with respect to E: 

_dP w {E-W N ) 



P W '(E;W N ) 



dE 



[P(E~W N )P(E + W N )} 



1/4. 



[P(E - W N ) + P{E + W N )} cos 



(E - W N )P(E - W N ) + {E + W n )P(E + W N ) 



x sm 



L 

e+ + e_ 

2 

that 



(Al) 



It can readily be seen that Pw'(0',Wn) = 0, 
and therefore E = is a stationary point of 
Pw(E;Wn)- This is also obvious by noting that 
Pw(E;Wn) and Pw'(E; Wn) are even and odd func- 
tions of E, respectively: Pw{~ E;Wn) = P\v(E;Wn) 
and P w '(-E- Wn) = -P W '(E;W N )- The function 
Pw(E; Wn) takes either local maximum or local mini- 
mum at E = 0, depending on whether Pw" '(0;Wn) < 
or P w "(0;W N ) > 0, where P W "(E;W N ) = 
d 2 P w (E;W N )/dE 2 . Expanding P W '(E;W N ) in the 
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Maclaurin series, we have 

P W '(E;W N ) = 

W N 2 - 2T 2 3W N 4 - 24W N 2 T 2 + 8T 4 , 

-E 



-E + - 



tt(W n 2 + r 2 ) 5 /2 2tt(W n 2 + 

+0(E i ), (A-2) 

and therefore, 



Pw"(E;W, 



N 



W N 2 - 2T 2 

tt(w n 2 + r 2 ) 5 /- 



+ 0{E 2 ). (A-3) 



Thus, for W N < y/2T, E = is the (local) maximum 
and Pw(E; Wn) is comprised of a single peak, while for 
Wn > V^r, Pw(E; Wn) splits into two peaks. 



1) R. E. Prange and S. M. Girvin (cd.): The Quantum Hall Effect 
(Springer- Verlag, New York, 1990) 

2) M. Janfien, O. Viehweger, U. Fastenrath, and J. Hajdu: In- 
troduction to the Theory of the Integer Quantum Hall Effect 
(VCH, Weinheim, 1994) 

3) T. Chakraborty and P. Pictilaincn: The Quantum Hall Effects 
(Springer- Verlag, Berlin, 1995) 

4) At very low temperatures, the conductivity is rather at- 
tributable to the variable-range hopping mechanism, with the 
temperature dcpendccc a xx oc exp[— (To/T) 7 ]. See, e.g., Refs. 
1 and 5. 

5) M. Furlan: Phys. Rev. B 57 (1998) 14818. 

6) D. Weiss, K. v. Klitzing, K. Ploog, and G. Wcimann: Europhys. 
Lett. 8 (1989) 179. 

7) R. R. Gcrhardts, D. Weiss, and K. v. Klitzing: Phys. Rev. Lett. 
62 (1989) 1173. 

8) R. W. Winkler, J. P. Kotthaus, and K. Ploog: Phys. Rev. Lett. 
62 (1989) 1177. 

9) F. M. Peeters and P. Vasilopoulos: Phys. Rev. B 46 (1992) 
4667. 

10) A. Endo, S. Katsumoto, and Y. Iyc: Phys. Rev. B 62 (2000) 
16761. 

11) A. D. Mirlin and P. Wolfle: Phys. Rev. B 58 (1998) 12986. 

12) A. Endo and Y. Iye: J. Phys. Soc. Jpn. 74 (2005) 2797. 

13) A. Endo and Y. Iye: Phys. Rev. B 78 (2008) 085311. 

14) A. Endo and Y. Iye: J. Phys. Soc. Jpn. 77 (2008) 054709. 

15) G. Muller, D. Weiss, K. von Klitzing, P. Streda, and G. 
Weimann: Phys. Rev. B 51 (1995) 10236. 



16 

17 

18 

19 

20 

21 

22 

23 

24 

25 
26 

27 

28 
29 

30 

31 
32 

33 

34 

35 

36 
37 

38 

39 



L. Sfaxi, F. Petit, F. Lelarge, A. Cavanna, and B. Eticnnc: 
Surf. Sci. 361/362 (1996) 860. 

M. Tornow, D. Weiss, A. Manolescu, R. Menne, K. v. Klitzing, 
and G. Weimann: Phys. Rev. B 54 (1996) 16397. 
F. Petit, L. Sfaxi, F. Lelarge, A. Cavanna, M. Hayne, and B. 
Etienne: Europhys. Lett. 38 (1997) 225. 

B. Milton, C. J. Emclcus, K. Lister, J. H. Davies, and A. R. 
Long: Physica E 6 (2000) 555. 

Y. Iye, A. Endo, S. Katsumoto, Y. Ohno, S. Shimomura, and 
S. Hiyamizu: J. Phys. Chem. Solids 63 (2002) 1297. 
Y. Iye, A. Endo, S. Katsumoto, Y. Ohno, S. Shimomura, and 
S. Hiyamizu: Physica E 12 (2002) 200. 

K. Vyborny, L. Smrcka, and R. A. Deutschmann: Phys. Rev. 
B 66 (2002) 205318. 

T. Fcil, K. Vyborny, L. Smrcka, C. Gerl, and W. Wegscheider: 
Phys. Rev. B 75 (2007) 075303. 

E. Skuras, A. R. Long, I. A. Larkin, J. H. Davies, and M. C. 

Holland: Appl. Phys. Lett. 70 (1997) 871. 

T. Ando and Y. Ucmura: J. Phys. Soc. Jpn. 37 (1974) 1044. 

P. Vasilopoulos and F. M. Peeters: Phys. Rev. Lett. 63 (1989) 

2120. 

H. L. Cui, V. Fessatidis, and N. J. M. Horing: Phys. Rev. Lett. 
63 (1989) 2598. 

C. Zhang and R. R. Gerhardts: Phys. Rev. B 41 (1990) 12850. 
J. Shi, F. M. Peeters, K. W. Edmonds, and B. L. Gallagher: 
Phys. Rev. B 66 (2002) 035328. 

E. Brezin, D. J. Gross, and C. Itzykson: Nuc. Phys. B 235 
(1984) 24. 

K. A. Benedict and J. T. Chalker: J. Phys. C 19 (1986) 3587. 
R. C. Ashoori and R. H. Silsbee: Solid State Commun. 81 
(1992) 821. 

A. Potts, R. Shepherd, W. G. Herrenden-Harker, M. Elliott, 
C. L. Jones, A. Usher, G. A. C. Jones, D. A. Ritchie, E. H. Lin- 
field, and M. Grimshaw: J. Phys.: Condens. Matter 8 (1996) 
5189. 

M. Zhu, A. Usher, A. J. Matthews, A. Potts, M. Elliott, W. G. 
Herrendcn-Harkcr, D. A. Ritchie, and M. Y. Simmons: Phys. 
Rev. B 67 (2003) 155329. 

O. E. Dial, R. C. Ashoori, L. N. Pfciffcr, and K. W. West: 
Nature 448 (2007) 176. 

A. Endo and Y. Iye: J. Phys. Soc. Jpn. 77 (2008) 064713. 
A. Endo, N. Hatano, H. Nakamura, and R. Shirasaki: J. Phys.: 
Condens. Matter 21 (2009) 345803. 

A. Endo, N. Shibata, and Y. Iyc: Physica E (2009) 
doi:10.1016/j.physc.2009.10.024, [arXive:0909.1401]. 
A. Usher, R. J. Nicholas, J. J. Harris, and C. T. Foxon: Phys. 
Rev. B 41 (1990) 1129. 



